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The solution of the converse  p rob l em  of hea t  conduction by opt imal  dynamic f i l te r ing using the 
a r t i f ic ia l  method of inverse  t ime is considered.  

The d i rec t  nonsta t ionary  p rob l em  of hea t  conduction cannot be solved without fa i r ly  complete  i n fo rma-  
tion on the initial  t e m p e r a t u r e  dis t r ibut ion of the body, but in a number  of cases  this information is not 
avai lable  and the identif icat ion of the initial  conditions is then of specia l  impor tance .  

The p rob l em  of es tab l i sh ing  the init ial  t e m p e r a t u r e  dis tr ibut ion in a body f r o m  much la te r  informat ion 
on i ts  t e m p e r a t u r e  field belongs to the wide c lass  of p r o b l e m s  cal led converse  p rob l ems .  A va r i e ty  of these  
p rob l ems  exis t ,  which,  as  dis t inct  f r o m  inverse  and inductive p r o b l e m s ,  a re  some t imes  called converse  
p rob l ems .  

One of the methods  which enables  conver se  heat -conduct ion  p r o b l e m s  to be  solved is  the method of the Ka l -  
man  opt imal  dynamic  f i l t e r  [1] which has  been successfu l ly  used  to solve hea t  p rob l ems  (see,  e .g . ,  [2, 3]). 

The method of solving the converse  p r o b l e m  us ing an opt imal  f i l t e r  cons is t s  of th ree  s tages .  

In the f i r s t  s tage the t e m p e r a t u r e  field is r econs t ruc ted  f r o m  a l imi ted  number  of m e a s u r e m e n t s .  The 
converse  heat -conduct ion p rob l em  is often solved at  the same t ime;  i .e . ,  the boundary conditions for  hea t  ex-  
change,  if they a re  unknown, a re  de te rmined .  A f in i te -d i f fe rence  f o r m  of the equations is chosen as  the initial 
condition; these  define the t he rm a l  s tate  of the object  which,  in m a t r i x  f o r m ,  cha r ac t e r i s t i c  for  a d i s c r e t e  
f i l t e r ,  has  the following f o r m :  

X~+, = ~h+,.hX~ + Fk+l kU~ + Gk+, hW~ (1) 

Here  X k +  i is the s ta te  vec to r  including the t e m p e r a t u r e - f i e l d  vec to r  (Tk+l) and the vec to r  of the unknown 
p a r a m e t e r s  of the boundary  conditions (ak+l), Ck+l,k, Fk+l,k, Gk+l,k a re ,  r espec t ive ly ,  the t rans i t ion  m a t r i c e s  
of the s ta te ,  control ,  and noise vec to r s .  

The a lgor i thm of the d i s c r e t e  Kalman f i l t e r  used both to r econs t ruc t  the t e m p e r a t u r e  field and to solve 
converse  p rob l em s  of hea t  conductance,  is a r e c u r r e n t  p rocedure  which can be wr i t ten  as follows: 

Xl:+,11~+, : Xh+llk 4- K~+, [Yh+, - -  Hl~+lXh+,t~], (2) 
^ ~ 

X h + i l ~ +  t ~ {Th+ i l t ~ + t , aV .+ ~ l V .+ t } ,  

(3) 

&k+,,h = ~ (~,), 

p r r K~+i = ~+ilhH~+l[H~+tPk+~i~Hk+, + R~+t], 

T T Ph+iO~ = (Ph~i,kP~lh(I)~+l.h + Gh+t ~QhG~+1.k, 

Pkrk ~ [I - -  KhHk] P~ta_t. 

(3') 

(4) 

(5) 

(6) 
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H e r e  X k + I / k + t  is the opt imal  e s t ima te  of the s ta te  vec to r  obtained using the vec to r  of the m e a s u r e m e n t s  
Y k + l ;  X k + t / k  is the predic t ion of the s tate  vec to r  a t  the (k + 1)-th ins tant  of t ime;  H k + l  is the m a t r i x  of m e a -  
s u r e m e n t s ,  which is re la ted  to the m e a s u r e m e n t  and s tate  v e c t o r s ;  P k + i  Ik and Pkl k a r e  covar ia t iona l  m a t r i c e s  
of  the predic t ion  e r r o r s  and the e r r o r s  in e s t ima t ing  the s ta te  vec to r ;  Qk and R k +  1 a r e  the covar ia t ional  m a -  
t r i c e s  of the r andom noise a t  the input of the s y s t e m  (Wk) and the e r r o r  in the m e a s u r e m e n t s  (Vk+l) r e s p e c -  
t ively.  The t rans i t ion  m a t r i c e s  ~li~ § and F~+ 1.k di f fer  f r o m  the cor responding  m a t r i c e s  Ok+ 1 k and F, t_.+ ,. 

�9 �9 , [K' l f fA 9P~ in that  they contain components  of  the unknown vec to r  ct. Note that when solving the d i rec t  p rob l em of hea t  
conduction the vec to r  X k is the vec t o r  of the t e m p e r a t u r e  field Tk,  and is  this case  Eq. (3') is e l iminated in the 
a lgor i thm,  while the t rans i t ion  m a t r i c e s  q~'k+l,k and F k + l ,  k mus t  be rep laced  by the m a t r i c e s  Ok+ l , k  and 
F k + l , k .  

To obtain initial e s t i m a t e s  of the s ta te  vec to r  X0/0 and the covar ia t ions l  m a t r i x  P010 any a p r i o r i  i n f o r m a -  
tion about them can be used.  

Since acceptab le  accu racy  (an e r r o r  of 0.5-0.90/0) when solving the d i r ec t  p rob l em is achieved with the 
f i r s t  5-15 t ime  in t e rva l s ,  the f i r s t  s tage of the solution of the p r o b l e m  can be r ega rded  as  comple ted  if the 
t e m p e r a t u r e  f ield is  obtained in a t ime  in te rva l  k > 15. 

The second s tage is s t a r t ed  immedia t e ly  a f t e r  the f i r s t  has  ended. In this case  the p rob l em is ,  in effect ,  
turned backwards ;  i .e . ,  the f i r s t  t ime in te rva l  of the second stage is the l a s t  in terva l  of the f i r s t  s t age ,  the 
second in te rva l  of the second s tage is the penul t imate  in te rva l  of the f i r s t  etc.  We choose as the initial condi-  
tion in the body the t e m p e r a t u r e  d is t r ibut ion obtained at  the l a s t  s tep of the f i r s t  s tage.  We take as the r e f e r -  
ence (measured)  values  of the t e m p e r a t u r e  those va lues  which a r e  used in the f i r s t  s tage ,  but the o r d e r  in 
which they a r e  t r ea t ed  i s ,  of cou r se ,  the o ther  way round. The conver se  p rob lem of hea t  conduction is  solved,  
in which case  the boundary conditions a re  f ic t i t ious  since nothing like this occu r s  in the actual  p r o c e s s .  F o r  
example ,  the heat ing p r o c e s s  for  the conver se  p rob lem is conver ted  into "cool ing ,"  while the cooling p r o c e s s  
is  turned into a "heating" p r o c e s s .  As a r e su l t ,  a s i tuat ion is  obtained where  the h e a t - t r a n s f e r  coefficient  
a becomes  negat ive.  Simultaneously with the solution of the conver se  p rob l em the t e m p e r a t u r e  field is r e c o n -  
s t ruc ted  in a given t ime  in te rva l  which b e c o m e s  the ini t ial  i n t e rva l  fo r  the following s tep.  

The whole s y s t e m  (2)-(6) is used as  the a lgor i thm for  solving the p rob l em at  the second s tage.  The 
second s tage is completed a f t e r  the l a s t  t i m e - s t e p i s  reached  a t  which there  a r e  r e f e r e n c e  (measured)  values  
of the t e m p e r a t u r e .  Final ly ,  the las t ,  th i rd ,  s tage is the pred ic t ion  of the t e m p e r a t u r e  field at  the initial  
ins tant  of t ime  f r o m  Eq. (3), taking into account  the t ime in te rva l  between the initial  instant  of t ime and the 
ins tant  of t ime  at  which the r e fe rence  values  of the t e m p e r a t u r e  occur .  The pred ic ted  values  of the t e m p e r a -  
ture  obtained will  be an es t ima te  of the initial  va lues  of the s ta te  vec to r .  

The m o s t  accura te  initial va lues  of the t e m p e r a t u r e  a r e  obtained at  nodes which,  when identifying the 
t h e r m a l  p a r a m e t e r s ,  a re  r e f e r e n c e  nodes (the m e a s u r e m e n t s  a r e  taken at these nodes),  and a lso  a t  nodes 
close to them.  At nodes f a r  f rom the r e f e r e n c e  nodes the e r r o r s  inc rease .  Hence ,  if poss ib le ,  it is n e c e s -  
s a r y  to take as  r e f e r e n c e  nodes as  l a rge  a number  of nodes as poss ib le .  This  cer ta in ly  i n c r e a s e s  the accu-  
r acy  of the solution of the converse  p rob lem.  

A s an example ,  we wi l l . cons ider  the one-d imens iona l  converse  p rob lem of nons ta t ionary  hea t  conduction 
for  an unbounded plate  made of a m a t e r i a l  with the following c h a r a c t e r i s t i c s :  k = 50-0.03 T (W/re. deg), a = 
1.23- 10-s-1.05 �9 10 -8 T (m2/sec), and with the boundary conditions of the third kind 

~ ( T _  Tc ) = _~,.or 
On 

with a h e a t - t r a n s f e r  coeff icient  which v a r i e s  with t ime as  given by 

= 50 + 0.06T [Wlm 2- deg] 

Since the pla te  is  heated s y m m e t r i c a l l y ,  i ts  thickness~ equal  to 0.08 m~ is divided in hpff and we 
cons ide r  a plate  of t h i ckaes s  L + = 0.04 m with boundary conclitions of the th i rd  kind on one boundary ond 
z e r o b o u n d a r y  conditions of the second kind onthe second boundary.  The t e m p e r a t u r e  of the heat ing med ium T c = 
600~ The thickness  L is  divided into five p a r t s  with an in te rva l  h = 0.01 inside the pla te ,  and h = 0.005 on the 
boundaries .  The t ime in te rva l  AT = 30 rain. 

The es t ima ted  initial  condit ions,  obtained by solving the conver se  p rob l em,  a r e  shown in Table  1. 
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TABLE 1. Es t imates  of the Initial Tempera tu re  Vector  for Two 
Reference  Nodes 
No.of No.of nodes 
ref.,node x 2 a 4 s 6 

2; 4 
2; 5 
3; 4 

97,3 
94,1 
93,2 

99,8 
96,9 
94,3 

103,7 
101,5 
99,1 

106,1 
104,3 
100,9 

107 
105,6 
102,1 

107 
105,6 
102,1 

TABLE 2. Es t imates  of the Initial Tempera tu re  Vector  for  One 
Reference  Node 

No.of 
ref, nodes 1 

2 96,2 
3 92,5 
4 90,1 

No. of nodes 

2 3 4 5 6 

99,8 
95,3 
93,4 

101,9 
99,9 
97,2 

105,9 
102~7 
100,1 

108,9 
104 
102 

108,9 
104 
102 

If we take into account the fact  that the standard initial conditions are  charac te r ized  by a uniform initial 
t empera ture  distribution Tl(0) = 100~ we see that the solution of the converse problem is fa i r ly  accura te  (the 
maximum e r r o r  does not exceed 7~ 

We ca r r i ed  out a wide range of investigations of the pract ica l  stability of the solution obtained. I n p a r t i c -  
ular ,  we var ied  the posit ion and number of the reference  points. 

Table 1 shows the initial t empera ture  distribution depending on which nodes were taken as the re fe rence  
nodes (the second and fourth,  the second and fifth, the third and fourth). As can be seen, the position of the 
re fe rence  nodes has only a small  effect on the es t imates  obtained. As regards  the variat ion in the number of 
re fe rence  nodes,  as might have been expected,  the accuracy  of the solution of the converse problem decreases  
as the number  of points at which the tempera ture  is measured  is reduced (Table 2), but not sufficient to regard  
these resul ts  as incor rec t  (the e r r o r  does not exceed 9.~0). 

In addition, we investigated the effect of a change in the time interval ,  which was done both in the f i r s t  
two stages of the solution of the converse  problem,  and at the predict ion stage. In all cases  the es t imates  
obtained for the initial t empera ture  distr ibution (for two- re fe rence  points) did not differ f rom the standard 
by more  than 5-6~ 

The co r rec tnes s  of this method in our opinion is a consequence of the par t icu lar  feature of the a lgor i thm 
employed,  according to which the minimization of the d iscrepancy function in each t ime interval assumes  mini -  
mizat ion of the e r r o r  between es t imates  of the initial pa r ame te r s  and their ' t r u e "  values,  which el iminates 
the possibil i ty of instabili t ies occur r ing  in the problems considered.  

In conclusion, we draw attention to the way in which e r r o r s  have been taken into account  in the initial 
data (the measu remen t  e r ro r s )  when solving converse  problems.  Whereas  when solving the inverse  problem 
of heat conduction (identification of the boundary conditions) these e r r o r s  must  be fa i r ly  smal l ,  since their 
effect on the solution is quite considerable ,  in the converse problem the values of the measu remen t  e r r o r s  
play a much l e s se r  role.  This is due to the fact  that in the converse  problem,  in the final analysis ,  the t e m -  
pera ture  field is determined at the third stage,  at which the measurement  e r r o r s  have a much l e s se r  effect,  
and the "accuracy"  of the fictitious boundary conditions obtained is in fact  of no interest .  

X, T,  and a 
wk 
Uk 

Xk+l  I k+ l ,  T k + l  I k+ l  
 k+lLk§ 

X k + l  I k, i k + l l  k, ~t~k+l] k 

NOTATION 

are the state vec tors ;  
is the noise vec tor ;  
is the control vec tor ;  

a re  the es t imates  for  the state vector ;  
are  the predict ions for  the state vec tors ;  
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~k+l ,k ,  4 'k+t ,k ,  F k + l , k  
F ~ + l ,  k, Gk+t ,  k 

P k + t ]  k + t ,  P k + t l  k, Qk'  
R k + l  

K k + l  
H k + l  

I 
T 

h 

a re  the t rans i t ion  m a t r i c e s ;  

a r e  the covar ian t  m a t r i c e s ;  

,s  the weighing ma t r ix ;  
, s  the m e a s u r e m e n t  ma t r ix ;  
,s  the t h e r m a l  conductivity;  
,s  the t he rm a l  dfffusivity; 
is  the unit ma t r ix ;  
*s the t ime;  
,s the grid in terval .  

1. 

2. 
3. 
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O P T I M A L  C O N T R O L  O F  T H E  P R O C E S S  O F  H E A T  

T R A N S M I S S I O N  B E T W E E N  B O D I E S  IN C O N T A C T  

V.  S. K o l e s o v  UDC 536.24.02 

P r o b l e m s  of opt imal  f a s t - r e s p o n s e  control  of the p r o c e s s  of hea t  t r a n s m i s s i o n  between bodies 
in contact  a re  cons idered  under  cons t ra in t s  on the t he rmoe l a s t i c  s t r e s s e s .  Analyt ic  e x p r e s -  
sions a r e  obtained for  the control  function - the t h e r m a l  contact  r e s i s t ance .  

The p r o c e s s  of heat  t r a n s m i s s i o n  between bodies in contact is cha rac t e r i zed  by the p re sence  of a t h e r -  
mal  r e s i s t ance  in the contact .  I t  is  due to the na tura l  roughness  of the su r f aces  in contact  and can r e su l t  in a 
substant ia l  red is t r ibu t ion  of the t e m p e r a t u r e  f ields in the m a t e r i a l s  making  contact  [1]. The influence of the 
t h e r m a l  r e s i s t a n c e  in the contact  on the heat  t r a n s m i s s i o n  p r o c e s s  is twofold: Onthe one hand, it  d imin ishes  
the hea t  flux and the re fo re  r e s u l t s  in an i nc r ea se  in the l i fe t ime of the p r o c e s s ,  and on the o ther  hand,  it r e -  
duces  the t e m p e r a t u r e  drop in the bodies making  contact ,  i . e . ,  r e su l t s  in a diminution in the t he rma l  s t r e s s  
level  therein.  The dual nature  of the influence of the t he rma l  contact  r e s i s t a n c e  on the h e a t - t r a n s m i s s i o n  
p r o c e s s  p e r m i t s  formula t ion  of an opt imal  control  p rob lem:  Find that  control  (the t ime dependence of the t h e r -  
m a l  res i s t ance)  which will r e su l t  in a min imum t ime in the a t ta inment  of the de s i r ed  r e su l t  (the t a rge t  func-  
tion) and the t e m p e r a t u r e  s t r e s s e s  will  hence not exceed a ce r ta in  quantity governing the s t rength  of the m a -  
te r ia l .  The t a rge t  function can be quite different .  F o r  example ,  the deviation of the mean  body t e m p e r a t u r e  
f r o m  a p rev ious ly  ass igned value will not exceed a ce r ta in  quantity;  a definite t e m p e r a t u r e  level  will  be 
achieved at  a fixed point ,  etc.  I ts  se lec t ion  is dictated by speci f ic  c i r cums tances .  Such p r o b l e m s  or ig inate  
in the design and designat ion of the exploi tat ional  modes  of t he rma l  power  plants .  

A signif icant  number  of inves t iga t ions  have been  devoted to methods of solving p r o b l e m s  on the opt imal  
control  of heat ing sol ids.  The approach developed in [2, 3], whose crux  is  that compl iance  with the equali ty 
under  conditions cons t ra in ing  the t h e r m a l  s t r e s s e s  is cons idered  equivalent  to the condition of r ea l i z ing  an 
op t imal  t h e r m a l  mode ,  is  used below. 

1. Le t  us a s s um e  the p r o c e s s  of hea t  t r a n s m i s s i o n  between two ha l f spaces .  This  p rob lem can be u s e -  
ful if it is  n e c e s s a r y  to check the p r o c e s s  only at  t imes  c lose  to the initial  t ime ,  or  when the i t ems  maMng 
contact  a r e  sufficiently mass ive .  
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